
Saturday, March 27,  2021 

Notes on Electrical Circuits 
Last week we discussed conductivity g and conductance G (resistivity  =1/g  and resistance R=1/G). 

Next we considered the situation in which a resistor with resistance R is connected to a battery with 
voltage V in a closed-loop circuit, and we calculated the steady-state current /I V R   

In Friday’s lecture we described are two resistors, in series, and in parallel combinations. This week we 
will apply Kirchoff’s laws to resolve more complicated circuits. This material is described in Chapter 26 of 
your textbook, and in the notes below. 

1) Resistors in Series 

Consider two resistors R1=10 ohms and R2=5 ohms, connected in series in a closed-loop with a 10 volt 
battery.  The circuit schematic is shown below.  

 

 

 

 

 

With no (appreciable) capacitance in the circuit, that is, no places where very much charge can 
accumulate, a steady state flow quickly obtains, at which point the current will be the same everywhere 
throughout the closed loop. In particular, the current passing through R1 will be the same as the current 
passing through R2, as I have indicated in the diagram. We say that these two resistors are in “series” 
because charge has to flow sequentially, passing through R1 first, before it passes through R2.  

 Writing down “Kirchoff’s Voltage Law”, i.e. the sum of the voltages around a closed loop is equal 
to zero, we have, 

 

When you write down this equation, you should imagine yourself to be a positive “test” charge, 
embarking on a hike around the closed loop. I like to start at the bottom (negative side) of the battery. 
In crossing the gap between the plates from negative to positive, we gain 10 Volts. Once we are on the 
positive side of the battery we are on an equipotential surface consisting of the metal wire connecting 
the positive to the top of resistor R1. When we pass down through R1 it is like moving down through a 
set of rapids on a river, and we drop in potential. That is why we have written  

Similarly, when we pass through the second resistor we drop in potential by an amount   

Once we reach the bottom we arrive on the metal wire that forms an equipotential surface with the 
bottom of the battery, so potential-wise, we are back where we started. It makes sense that when we 



are moving around the loop in the direction of current flow, the potential should drop in crossing the 
resistors. The changes are called “IR drops” for this very reason. You should always be on the lookout for 
the minus signs in Kirchoff’s voltage law that indicate that these are actually “drops”.  

 Moving onward, at this point we can solve for the current; 

 

 

Focus for a moment on the sum of resistances that appears in the denominator in the expression above, 
and realize that we would have found the same current in a circuit with just one resistor havening an 
equivalent resistance,  

 

 

 

 

This is the case for resistors in series – an equivalent circuit can be substituted with a single resistor 
given by the sum of the resistances in series, i.e.  

 

 

 

We have worked this out for two resistors in series, but it is easy to see that any number of resistors in 
series will add this way to give an equivalent resistance. 

 

 Often we will want to know what the voltage drop across each resistor. Once you have the 
current it is easy to calculate this. In our case, 

 

 

Notice that 20/3 volts plus 10/3 volts is equal to 10 volts, which is the voltage across the battery. This 
makes sense, for the total voltage drop must be exactly equal to the potential gained in going from the 
negative side of the battery to the positive side.  

 This calculation is common enough that we will introduce a short cut called the “Voltage Divider 
Rule”. Notice that the two resistors R1 and R2 “divide” between them the total voltage drop from the 
high side of the battery to the low side. Substituting, 

 

 



 

we have 

 

 

 

The total voltage drop is carved up in a balanced manner that is weighted by the resistances, with the 
larger resistance getting the proportionally larger share of the voltage drop. This rule is still obeyed 
when there are multiple resistors in series.  

2) Resistors in Parallel 
 

 Let us now consider the case when we have two resistors in parallel with one another, connected to a 
battery in a closed loop circuit.  

 

 

 

 

In this case, the flow splits at the fork, or “node” , with current I1 passing through resistor R1, and 
current I2 passing through resistor R2. The currents recombine at the second node. Using Ohm’s law the 
voltage drop across resistor R1 is 

 

 

and similarly the voltage drop across resistor R2 is 

 

 

You can see by inspection that both of these drops are the same as the voltage across the battery, i.e. 10 
Volts. You can alternatively figure this out from Kirchoff’s voltage law. If you start a test charge at the 
bottom of the battery, and make a journey around the circuit, you have a choice at the fork – you can 
pass through resistor R1, or you can pass through resistor R2. In either case the sum of the voltages 
around the closed loop must be zero. So you have 

 

 

 



These are two equations for the currents I1 and I2. We can calculate the currents at this point, since we 
know the two resistances.  

 

 

 

 

What is the current in the main branch of the circuit? Here we apply “Kirchoff’s Current Law”:  

The sum of the current entering a node is zero. 

 

 

In our case, we have two nodes, and for each of them there are three currents entering (or exiting, as 
you like);  

 

 

 

In writing the equation above, I focused my attention on the node at the top. Clearly the current I enters 
the node, so I wrote that down with a plus sign. The currents I1 and I2 exit the node, so I wrote them 
down with minus signs. The result is that the current in the main branch of the circuit is the sum of the 
currents passing through each resistor, which in this case is 3 Amperes.  

 

 Is there an equivalent resistance for resistors in parallel? Yes. Start with Kirchoff’s current law, 
writing   

 

Next, substitute the fact that I1 and I2 can both be written in terms of the voltage across the battery. 

 

 

Now realize that if you were to replace the two resistors in parallel by a single resistor you would write  

 

 

 

 



Compare these two expressions for I, and you can conclude that  

 

 

Resistors in parallel add as reciprocals.  

 We will often be faced with a situation where we know the current in the main branch, but we 
want to determine how it divides into parallel flow streams at a node. This can be worked out, as we 
have above, or it can be remembered in terms of the “Current Divider Rule”. This rule is the cousin to 
the Voltage Divider Rule, and says that the current splits off proportionally in terms of reciprocal 
resistances. That is, 

 

 

 

 

 

 

 

This works for any number of resistances in parallel, not just two. It is very easy to prove once you now 
that resistors in parallel add reciprocally. In our example, the voltage across the battery (which is the 
same as the voltage across the two resistors) is given by  

 

 

However, this voltage is the same as the voltage across R1, 

 

from which it follows that 

 

 

 

and this voltage is also the same as the voltage across R2, from which it follows that  

 

 

 



Reciprocal resistances are called “conductances”, by the way. So another (better) way to phrase the 
current divider rule is that the current in parallel branches divides proportionally with conductance, with 
the largest conductance getting the largest share of the current.  

3) Series and Parallel Combinations  
Example 1: Consider the resistor network shown below.  

 

 

 

 

 

Answer this question: What is the power dissipated in the 20 ohm resistor? 

The power dissipated in the 20 ohm resistor is P=V*I, where V is the voltage drop across the 20 ohm 
resistor, and I is the current passing through the 20 ohm resistor. The voltage drop across the 20 ohm 

resistor is I*R, where R=20 ohms, so we can also write 2 2 20P I R I     , but we still need to know 

what the current is to complete the calculation. Alternatively, we can write 2 /P V R  where V is the 
voltage across the 20 ohm resistor.  

So let’s start whittling this down, to see if we can find the current through the 20 ohm resistor, or the 
voltage across the 20 ohm resistor. 

 

First, the 5 ohm and 10 ohm resistors are in series, and can be replaced with an equivalent resistance of 
15 ohms. Also, the 10 ohm and 20 ohm resistors are in series, and can be replaced with an equivalent 
resistance of 30 ohms. So the circuit can be redrawn as follows:   

 

 

 

 

 

Next, the two 30 ohm resistors are in parallel, so they can be replaced by an equivalent resistor 

 

 

 



This means that the circuit can be redrawn a second time: 

 

 

 

 

The two 15 ohm resistors are in series, so they can be replaced by an equivalent resistance, 

 

The circuit can be redrawn a third time: 

 

 

 

At this point we can calculate the current passing through the battery: 

 

Now we can go back to the previous equivalent circuit drawing. We see that the 1/6 A current passes 
through both 15 ohm resistors, so there is a voltage drop of  

 

across each of them. This means that the voltage drop across both 30 ohm resistors in parallel is 5/2 
volts. 

 

 

 

 

The diagram indicates that that 5/2 volts is dropped across the 10 ohm and 20 ohm resistors in series. 
By the voltage divider rule, the voltage across the 20 ohm resistor is 

 

 

Finally, the power dissipated in the 20 ohm resistor is  

 

 

 



Example 2: 

Consider the two-loop circuit drawn below: 

 

 

 

 

What is the power dissipated in the 10 ohm resistor? 

To answer this question, let us attempt to find the current passing through each resistor.   I have drawn 
red arrows indicated assumed flow directions in the diagram above. There three currents to be 
determined, I1, I2, and I3. The current I3 is in the branch common to both main loops. Two nodes 
connect it to these loops. We can apply Kirchoff’s current law to either of these nodes, requiring that  

 

Now, let us apply Kirchoff’s voltage law to both of the main loops. For the loop on the left, we have 

 

 

For the loop on the right, if we start at the bottom of the 10 V battery and cross it to the positive side, 
and continue around the loop in that direction, we have 

 

 

 

 

This is three equations and three unknowns. Let us first eliminate I3 in terms of I1 and I2 in the two 
voltage loop equations. 

 

 

Rewrite these grouping all of the terms having I1 together, and all of the terms having I2 together. 

 

 

Finally, you can see that if you multiply the top by 3 and bottom by 2, and subtract the bottom equation 
from the top equation, you get rid of I2, and end up with an equation closed in I1.  

 



 

 

Finally, going back to the relation between I1, I2, and I3, we can figure out what I3 is: 

 

 

Since I3 came out to be positive, it means that the flow direction we have indicated on the circuit 
diagram is correct.  

 

Finally, we can now answer the question: 

 

 

4) Microscopic Details of Resistance 
We will finish our discussion of circuits by reminding ourselves of the material properties that are 
related to resistance. Recall first that Ohms law, V=IR, is an empirical relation. It is found to be valid in all 
materials provided that the voltage is sufficiently low, and it is found that R is a constant for a particular 
geometry and material that make up a resistor.  

To see how the material properties enter in, consider the case in which a resistor is comprised of a leaky 
parallel plate capacitor.   

 

 

 

 

 

 

 

 

 

 

 

 



The resistance is proportional to the distance between the plates   , and inversely proportional to the 
plate area A, and proportional to a term 

  

 

called the resistivity   that is proportional to the viscous drag coefficient, and inversely proportional to 
the number n of moveable electrons per unit volume, and the square of the charge on each. The 
resistivity is what represents the material properties.  

 Ohm’s law is a linear relation between current and voltage – the current is proportional to the 
voltage. At a microscopic level, this linearity arises because the drift velocity is proportional to the 
electric field. Above I written this expression in the form 

 drift

e
v E

b
   

Here, “b” is the drag coefficient that you probably recall in the context of (Stoke’s Law) friction from 
your first semester class. The ratio  e/b is called the “mobility”, or “drift mobility”, and is given the 

symbol  , i.e., 
e

b
   , so that  

 driftv E . 

The units of mobility are normally expressed as 2 /cm Vs  (centimeters squared per volt second). The 

highest mobilities ever measured in pure semiconductors are on the order of 3000 2 /cm Vs . In 

molecular crystals the room temperatures mobilities are on the order of  1 2 /cm Vs . In molecularly 
doped polymers (amorphous aggregates of functionalized aromatic hydrocarbons) the mobilities are 

strongly dependent on electric field, and vary between 7 310 10   2 /cm Vs . 

If you multiply the mobility by the number of charges per unit volume n and the charge  e, you 
get the electrical conductivity, 

 g ne  . 

The reciprocal of the conductivity is the resistivity, 

 
1

g
   . 

Some material data tables provide lists of conductivity for different materials. Other material data tables 
provide lists of resistivity for different materials. Your textbook has a table of resistivity. You will note 

that the value of the resistivity varies over about 20 orders of magnitude, from 810 m   in a metal to 
810 m  in an insulator.  

 


